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FIRST QUANTUM CORRECTION FOR THE MODULI SPACE OF
STABLE BUNDLES OVER A RIEMANN SURFACE
VICENTE MUN˜OZ
November, 1997
Abstract. We compute some Gromov-Witten invariants of the moduli space MΣ
of odd degree rank two stable vector bundles over a Riemann surface Σ of genus
g ≥ 2. We thus find the first correction term for the quantum product of MΣ and
hence get the two leading terms of the relations satisfied by the natural generators
of the quantum cohomology of MΣ. Finally, we use this information to get a full
description of the quantum cohomology of MΣ when the genus of Σ is g = 3.
1. Introduction
Let Σ be a Riemann surface of genus g ≥ 2 and let MΣ denote the moduli space of
flat SO(3)-connections with nontrivial second Stiefel-Whitney class w2.
This is a smooth symplectic manifold of dimension 6g − 6. Alternatively, we can
consider Σ as a smooth complex curve of genus g. Fix a line bundle Λ on Σ of
degree 1, then MΣ is the moduli space of rank two stable vector bundles on Σ with
determinant Λ, which is a smooth complex variety of complex dimension 3g− 3. The
symplectic deformation class of MΣ only depends on g and not on the particular
complex structure on Σ.
The manifold X = MΣ is a positive symplectic manifold with π2(X) = Z. For such
a manifoldX , its quantum cohomology, QH∗(X), is well-defined (see [14] [15] [8] [12]).
As vector spaces, QH∗(X) = H∗(X) (rational coefficients are understood), but the
multiplicative structure is different. Let A denote the positive generator of π2(X),
i.e. the generator such that the symplectic form evaluated on A is positive. Let N =
c1(X)[A] ∈ Z>0. Then there is a natural Z/2NZ-grading for QH∗(X), which comes
from reducing the Z-grading of H∗(X). (For the case X = MΣ, N = 2, so QH
∗(MΣ)
is Z/4Z-graded). The ring structure of QH∗(X), called quantum multiplication, is a
deformation of the usual cup product for H∗(X). For α ∈ Hp(X), β ∈ Hq(X), we
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define the quantum product of α and β as
α · β =∑
d≥0
ΦdA(α, β),
where ΦdA(α, β) ∈ Hp+q−2Nd(X) is given by < ΦdA(α, β), γ >= ΨXdA(α, β, γ), the
Gromov-Witten invariant, for all γ ∈ HdimX−p−q+2Nd(X). One has Φ0(α, β) = α∪ β.
The other terms are the correction terms and all live in lower degree parts of the
cohomology groups. It is a fact [15] that the quantum product gives an associative
and graded commutative ring structure.
To define the Gromov-Witten invariant, let J be a generic almost complex structure
compatible with the symplectic form. Then for every 2-homology class dA, d ∈ Z,
there is a moduli space MdA of pseudoholomorphic rational curves (with respect to
J) f : P1 → X with f∗[P1] = dA. Note that M0 = X and that MdA is empty for
d < 0. For d ≥ 0, the dimension of MdA is dimX + 2Nd. This moduli space MdA
admits a natural compactification,MdA, called the Gromov-Uhlenbeck compactifica-
tion [14] [15, section 3]. Consider now r ≥ 3 different points P1, . . . , Pr ∈ P1. Then
we have defined an evaluation map ev : MdA → Xr by f 7→ (f(P1), . . . , f(Pr)).
This map extends to MdA and its image, ev(MdA), is a pseudo-cycle [15]. So for
αi ∈ Hpi(MΣ), 1 ≤ i ≤ r, with p1+ · · ·+ pr = dimX +2Nd, we choose generic cycles
Ai, 1 ≤ i ≤ r, representatives of their Poincare´ duals, and set
ΨXdA(α1, . . . , αr) =< A1 × · · · × Ar, [ev(MdA)] >= #ev∗P1(A1) ∩ · · · ∩ ev∗Pr(Ar),(1)
where # denotes count of points (with signs) and evPi : MdA → X , f 7→ f(Pi).
This is a well-defined number and independent of the particular cycles. Also, as the
manifold X is positive, cokerLf = H
1(P1, f ∗c1(X)) = 0, for all f ∈MdA. By [14] the
complex structure of X is generic and we can use it to compute the Gromov-Witten
invariants.
Also for r ≥ 2, let αi ∈ Hpi(MΣ), 1 ≤ i ≤ r, then
α1 · · ·αr =
∑
d≥0
ΦdA(α1, . . . , αr),
where the correction terms ΦdA(α1, . . . , αr) ∈ Hp1+···+pr−2Nd(X) are determined by
< ΦdA(α1, . . . , αr), γ >= Ψ
X
dA(α1, . . . , αr, γ), for any γ ∈ HdimX+2Nd−(p1+···+pr)(X).
Returning to our manifold X = MΣ, there is a classical conjecture relating the
quantum cohomology QH∗(MΣ) and the instanton Floer cohomology of Σ × S1,
HF ∗(Σ × S1) (see [10]). In [1] a presentation of QH∗(MΣ) was given using phys-
ical methods, and in [10] it was proved that such a presentation was a presentation of
HF ∗(Σ× S1) indeed. Siebert and Tian have a program [16] to find the presentation
of QH∗(MΣ), which goes through proving a recursion formula for the Gromov-Witten
invariants of MΣ in terms of the genus g. This will complete the proof of the conjec-
tural isomorphism QH∗(MΣ) ∼= HF ∗(Σ× S1).
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The purpose of this paper is two-fold. On the one hand we aim to compute the
Gromov-Witten invariants ΨMΣA , relating them to the Donaldson invariants for the
algebraic surface S = Σ × P1. This gives the first correction term of the quantum
product of MΣ and hence the first two leading terms of the relations satisfied by the
generators of QH∗(MΣ). In particular we obtain the coefficient cg of [16, section 3.3].
On the other hand we infer a full presentation of QH∗(MΣ) when the genus of Σ is
g = 3 (recall that the case of genus g = 2 was worked out by Donaldson [3]). This is
the starting point of the induction in [16].
The paper is organised as follows. In section 2 we review the
ordinary cohomology ring of MΣ. In section 3 the moduli space of lines in MΣ is
described, in order to compute the corresponding Gromov-Witten
invariants in section 4. In section 5 we study the quantum cohomology of MΣ and
finally determine it completely in the case of genus g = 3 in section 6.
Acknowledgements: I want to thank my D. Phil. supervisor Simon Donaldson, for
his encouragement and invaluable help. Also I am very grateful to Bernd Siebert
and Gang Tian for helpful conversations and for letting me have a copy of their
preprint [16].
2. Classical cohomology ring of MΣ
Let us recall the known description of the homology of MΣ [6] [17] [10]. Let U →
Σ×MΣ be the universal bundle and consider the Ku¨nneth decomposition of
c2(End0 U) = 2[Σ]⊗ α + 4ψ − β,(2)
with ψ =
∑
γi ⊗ ψi, where {γ1, . . . , γ2g} is a symplectic basis of H1(Σ;Z) with
γiγi+g = [Σ] for 1 ≤ i ≤ g (also {γ#i } will denote the dual basis for H1(Σ;Z)). Here
we can suppose without loss of generality that c1(U) = Λ + α (see [17]). In terms of
the map µ : H∗(Σ)→ H4−∗(MΣ), given by µ(a) = −14 p1(gU)/a (here gU → Σ×MΣ is
the associated universal SO(3)-bundle, and p1(gU) ∈ H4(Σ×MΣ) its first Pontrjagin
class), we have


α = 2µ(Σ) ∈ H2
ψi = µ(γ
#
i ) ∈ H3, 1 ≤ i ≤ 2g
β = −4µ(x) ∈ H4
where x ∈ H0(Σ) is the class of the point, and H i = H i(MΣ). These elements
generate H∗(MΣ) as a ring [6] [19], and α is the positive generator of H
2(MΣ;Z). We
can rephrase this as saying that there exists an epimorphism
A(Σ) = Q[α, β]⊗ Λ(ψ1, . . . , ψ2g)։ H∗(MΣ)(3)
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(the notation A(Σ) follows that of Kronheimer and Mrowka [7]). The mapping
class group Diff(Σ) acts on H∗(MΣ), with the action factoring through the action
of Sp (2g,Z) on {ψi}. The invariant part, H∗I (MΣ), is generated by α, β and γ =
−2∑gi=0 ψiψi+g. Then there is an epimorphism
Q[α, β, γ]։ H∗I (MΣ)(4)
which allows us to write
H∗I (MΣ) = Q[α, β, γ]/Ig,
where Ig is the ideal of relations satisfied by α, β and γ. Recall that deg(α) = 2,
deg(β) = 4 and deg(γ) = 6. From [17], a basis for H∗I (MΣ) is given by the monomials
αaβbγc, with a+ b+ c < g. For 0 ≤ k ≤ g, the primitive component of ΛkH3 is
Λk0H
3 = ker(γg−k+1 : ΛkH3 → Λ2g−k+2H3).
Then the Sp (2g,Z)-decomposition of H∗(MΣ) is [6]
H∗(MΣ) =
g⊕
k=0
Λk0H
3 ⊗Q[α, β, γ]/Ig−k.
Proposition 1 ([17]). For g = 1, let q11 = α, q
2
1 = β, q
3
1 = γ. Define recursively, for
g ≥ 1, 

q1g+1 = αq
1
g + g
2q2g
q2g+1 = βq
1
g +
2g
g+1
q3g
q3g+1 = γq
1
g
Then Ig = (q
1
g , q
2
g , q
3
g), for all g ≥ 1. Note that deg(q1g) = 2g, deg(q2g) = 2g + 2 and
deg(q3g) = 2g + 4.
3. Holomorphic lines in MΣ
In order to compute the Gromov-Witten invariants ΨMΣA , we need to describe the
space of lines, i.e. rational curves in MΣ representing the generator A ∈ H2(MΣ;Z),
MA = {f : P1 →MΣ/f holomorphic, f∗[P1] = A}.
Let us fix some notation. Let J denote the Jacobian variety of Σ parametrising line
bundles of degree 0 and let L → Σ×J be the universal line bundle. If {γi} is the basis
of H1(Σ) introduced in section 2 then c1(L) = ∑ γi ⊗ φi ∈ H1(Σ) ⊗ H1(J), where
{φi} is a symplectic basis for H1(J). Thus c1(L)2 = −2[Σ] ⊗ ω ∈ H2(Σ) ⊗ H2(J),
where ω =
∑g
i=1 φi ∧ φi+g is the natural symplectic form for J .
Consider now the algebraic surface S = Σ × P1. It has irregularity q = g ≥ 2,
geometric genus pg = 0 and canonical bundle K ≡ −2Σ + (2g − 2)P1. Recall that Λ
is a fixed line bundle of degree 1 on Σ. Fix the line bundle L = Λ⊗OP1(1) on S (we
omit all pull-backs) with c1 = c1(L) ≡ P1 + Σ, and put c2 = 1. The ample cone of S
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is {aP1 + bΣ / a, b > 0}. Let H0 be a polarisation close to P1 in the ample cone and
H be a polarisation close to Σ, i.e. H = Σ + tP1 with t small. We wish to study the
moduli space M = MH(c1, c2) of H-stable bundles over S with Chern classes c1 and
c2.
Proposition 2. M can be described as a bundle P2g−1 →M = P(E∨ζ )→ J , where Eζ
is a bundle on J with ch Eζ = 2g+8ω. So M is compact, smooth and of the expected
dimension 6g − 2. The universal bundle V → S ×M is given by
0→ OP1(1)⊗L⊗ λ→ V → Λ⊗L−1 → 0,
where λ is the tautological line bundle for M.
Proof. For the polarisation H0, the moduli space of H0-stable bundles with Chern
classes c1, c2 is empty by [13]. Now for p1 = −4c2 + c21 = −2 there is only one wall,
determined by ζ ≡ −P1+Σ (here we fix ζ = 2Σ−L = Σ− c1(Λ) as a divisor), so the
moduli space of H-stable bundles with Chern classes c1, c2 is obtained by crossing the
wall as described in [9]. First, note that the results in [9] use the hypothesis of −K
being effective, but the arguments work equally well with the weaker assumption of
ζ being a good wall [9, remark 1] (see also [5] for the case of q = 0). In our case,
ζ ≡ −P1 + Σ is a good wall (i.e. ±ζ +K are both not effective) with lζ = 0. Now
with the notations of [9], F is a divisor such that 2F − L ≡ ζ , i.e. F = Σ. Also
F → S×J is the universal bundle parametrising divisors homologically equivalent to
F , i.e. F = L⊗OP1(1). Let π : S×J → J be the projection. Then M = Eζ = P(E∨ζ ),
where
Eζ = Ext1pi(O(L− F),O(F)) = R1π∗(O(ζ)⊗ L2).
Actually M is exactly the set of bundles E that can be written as extensions
0→ OP1(1)⊗ L→ E → Λ⊗ L−1 → 0
for a line bundle L of degree 0. The Chern character is [9, section 3] chEζ = 2g+eK−2ζ,
where eα = −2(P1 ·α)ω (the class Σ defined in [9, lemma 11] is P1 in our case). Finally,
the description of the universal bundle follows from [9, theorem 10].
Proposition 3. There is a well defined map MA →M.
Proof. Every line f : P1 →MΣ gives a bundle E = (idΣ×f)∗U over Σ×P1 by pulling-
back the universal bundle U → Σ ×MΣ. Then for any t ∈ P1, the bundle E|Σ×t is
defined by f(t). Now, by equation (2), p1(E) = p1(U)[Σ×A] = −2α[A] = −2. Since
c1(E) = (idΣ×f)∗c1(U) = Λ+Σ, it must be c2 = 1. To see that E isH-stable, consider
any sub-line bundle L →֒ E with c1(L) ≡ aP1+bΣ. Restricting to any Σ× t ⊂ Σ×P1
and using the stability of E|Σ×t, one gets a ≤ 0. Then c1(L) ·Σ < c1(E)·Σ2 , which yields
the H-stability of E (recall that H is close to Σ). So E ∈M.
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Now define N as the set of extensions on Σ of the form
0→ L→ E → Λ⊗ L−1 → 0,(5)
for L a line bundle of degree 0. Then the groups Ext1(Λ⊗L−1, L) = H1(L2⊗Λ−1) =
H0(L−2 ⊗ Λ ⊗K) are of constant dimension g. Moreover H0(L2 ⊗ Λ−1) = 0, so the
moduli space N which parametrises extensions like (1) is given as N = P(E∨), where
E = Ext1p(Λ ⊗ L−1,L) = R1p∗(L2 ⊗ Λ−1), p : Σ × J → J the projection. Then we
have a fibration Pg−1 → N = P(E∨)→ J . The Chern character of E is
ch (E) = ch (R1p∗(L2 ⊗ Λ−1)) = −ch (p!(L2 ⊗ Λ−1)) =
= −p∗((ch L)2 (ch Λ)−1 Todd TΣ) =
= −p∗((1 + c1(L) + 12c1(L)2)2(1− Λ)(1− 12K)) =
= −p∗(1− 12K + 2c1(L)− 4ω ⊗ [Σ]− Λ) = g + 4ω.
(6)
It is easy to check that all the bundles in N are stable, so there is a well-defined map
i : N →MΣ.
Now we wish to construct the space of lines in N . Note that π2(N) = π2(P
g−1) = Z,
as there are no rational curves in J . Let L ∈ π2(N) be the positive generator. We
want to describe
NL = {f : P1 → N/f holomorphic, f∗[P1] = L}.
For the projective space Pn, the space of lines H1 is the set of algebraic maps f :
P1 → Pn of degree 1. Such an f has the form f [x0, x1] = [x0u0 + x1u1], [x0, x1] ∈ P1,
where u0, u1 are linearly independent vectors in C
n+1. So
H1 = P({(u0, u1)/u0, u1 are linearly independent}) ⊂ P((Cn+1 ⊕ Cn+1)∨) = P2n+1.
The complement of H1 is the image of P
n × P1 →֒ P2n+1, ([u], [x0, x1]) 7→ [x0u, x1u],
which is a smooth n-codimensional algebraic subvariety. Now NL can be described
as
H1 → NL → J⋂ ⋂ ‖
P2g−1 → P((E ⊕ E)∨) → J
(7)
Remark 4. Note that Eζ = R1π∗(O(ζ)⊗L2) = R1π∗(OP1(1)⊗L2⊗Λ−1) = H0(OP1(1))⊗
R1p∗(L2 ⊗ Λ−1) = H0(OP1(1))⊗ E ∼= E ⊕ E . So M = P((E ⊕ E)∨), canonically.
Proposition 5. The map i : N →MΣ induces a map i∗ : NL →MA. The composi-
tion NL →MA →M is the natural inclusion of (7).
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Proof. The first assertion is clear as i is a holomorphic map. For the second, consider
the universal sheaf on Σ×N ,
0→ L⊗ U → E→ Λ⊗ L−1 → 0,(8)
where U = ON(1) is the tautological bundle of the fibre bundle Pg−1 → N → J .
Any element in NL is a line P1 →֒ N , which must lie inside a single fibre Pg−1.
Restricting (8) to this line, we have an extension
0→ L⊗OP1(1)→ E → Λ⊗ L−1 → 0
on S = Σ × P1, which is the image of the given element in M (here L is the line
bundle corresponding to the fibre in which P1 sits). Now it is easy to check that the
map NL →M is the inclusion of (7).
Corollary 6. i∗ is an isomorphism.
Proof. By proposition 5, i∗ has to be an open immersion. The group PGL(2,C) acts
on both spaces NL and MA, and i∗ is equivariant. The quotient NL/PGL(2,C) is
compact, being a fibration over the Jacobian with all the fibres the Grassmannian
Gr (C 2,C g−1), hence irreducible. As a consequence i∗ is an isomorphism.
Remark 7. Notice that the lines in MΣ are all contained in the image of N , which is
of dimension 4g−2 against 6g−6 = dimMΣ. They do not fill all of MΣ as one would
naively expect.
4. Computation of ΨMΣA
The manifoldN is positive with π2(N) = Z and L ∈ π2(N) is the positive generator.
Under the map i : N →MΣ, we have i∗L = A. Now dimN = 4g − 2 and c1(N)[L] =
c1(P
g−1)[L] = g. So quantum cohomology of N , QH∗(N), is well-defined and Z/2gZ-
graded. From corollary 6, it is straightforward to prove
Lemma 8. For any αi ∈ Hpi(MΣ), 1 ≤ i ≤ r, such that p1 + · · ·+ pr = 6g − 2, it is
ΨMΣA (α1, . . . , αr) = Ψ
N
L (i
∗α1, . . . , i
∗αr). 
It is therefore important to know the Gromov-Witten invariants of N , i.e. its
quantum cohomology. From the universal bundle (8), we can read the first Pontrjagin
class p1(gE) = −8[Σ]⊗ ω + h2 − 2[Σ]⊗ h+ 4h · c1(L) ∈ H4(Σ×N), where h = c1(U)
is the hyperplane class. So on N we have


α = 2µ(Σ) = 4ω + h
ψi = µ(γ
#
i ) = −h · φi
β = −4µ(x) = h2
(9)
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Let us remark that h2 denotes ordinary cup product in H∗(N), a fact which will prove
useful later. Now let us compute the quantum cohomology ring ofN . The cohomology
of J is H∗(J) = ΛH1, where H1 = H1(Σ). Now the fibre bundle description P
2g−1 →
N = P(E∨) → J implies that the usual cohomology of N is H∗(N) = ΛH1[h]/ <
hg + c1h
g−1 + · · · + cg = 0 >, where ci = ci(E) = 4ii! ωi, from (6). As the quantum
cohomology has the same generators as the usual cohomology and the relations are
a deformation of the usual relations [18], it must be hg + c1h
g−1 + · · · + cg = r in
QH∗(N), with r ∈ Q. As in [15, example 8.5], r can be computed to be 1. So
QH∗(N) = ΛH1[h]/ < h
g + c1h
g−1 + · · ·+ cg = 1 > .(10)
Lemma 9. For any s ∈ H2g−2i(J), 0 ≤ i ≤ g, denote by s ∈ H2g−2i(N) its pull-back
to N under the natural projection. Then the quantum product h2g−1+is in QH∗(N)
has component in H4g−2(N) equal to (−8)
i
i!
ωi ∧ s.
Proof. First note that for s1, s2 ∈ H∗(J) such that their cup product in J is s1s2 = 0,
then the quantum product s1s2 ∈ QH∗(N) vanishes. This is so since every rational
line in N is contained in a fibre of P2g−1 → J → N .
Next note that hg−1+is has component in H4g−2(N) equal to si(E)∧s = (−4)ii! ωi∧s.
Then multiply the standard relation (9) by hg−1+i and work by induction on i. For
i = 0 we get h2g−1s = hg−1s and the assertion is obvious. For i > 0,
h2g−1+is+ h2g−2+ic1s + · · ·+ h2g−1cis = hg−1+is.
So the component of h2g−1+is in H4g−2(N) is
−
i∑
j=1
(−8)i−j
(i− j)!ω
i−jcjs+
(−4)i
i!
ωis =
(−8)i
i!
ωis−
i∑
j=0
(−8)i−j
(i− j)!
4j
j!
ωis+
(−4)i
i!
ωis =
(−8)i
i!
ωis.
Lemma 10. Suppose g > 2. Let αaβbψi1 · · ·ψir ∈ A(Σ) have degree 6g − 2. Then
ΨNL (α,
(a). . ., α, β, (b). . ., β, ψi1, . . . , ψir) =< (4ω +X)
a(X2)bφi1 · · ·φirXr, [J ] >,
evaluated on J , where X2g−1+i = (−8)
i
i!
ωi ∈ H∗(J).
Proof. By definition the left hand side is the component in H4g−2(N) of the quan-
tum product αaβbψi1 · · ·ψir ∈ QH∗(N). From (9), this quantum product is (4ω +
h)a(h2)b(−hφi1) · · · (−hφir), upon noting that when g > 2, β = h2 as a quantum
product as there are no quantum corrections because of the degree. Note that r is
even, so the statement of the lemma follows from lemma 9.
Now we are in the position of relating the Gromov-Witten invariants ΨMΣA with the
Donaldson invariants for S = Σ×P1 (for definition of Donaldson invariants see [4] [7]).
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Theorem 11. Suppose g > 2. Let αaβbψi1 · · ·ψir ∈ A(Σ) have degree 6g − 2. Then
ΨMΣA (α,
(a). . ., α, β, (b). . ., β, ψi1, . . . , ψir) = (−1)g−1Dc1S,H((2Σ)a(−4pt)bγ#i1 · · · γ#ir ),
where Dc1S,H stands for the Donaldson invariant of S = Σ × P1 with w = c1 and
polarisation H .
Proof. By definition, the right hand side is ǫS(c1) < α
aβbψi1 · · ·ψir , [M] >, where
α = 2µ(Σ) ∈ H2(M), β = −4µ(x) ∈ H4(M), ψi = µ(γ#i ) ∈ H3(M). Here the factor
ǫS(c1) = (−1)
KSc1+c
2
1
2 = (−1)g−1 compares the complex orientation of M and its
natural orientation as a moduli space of anti-self-dual connections [4]. By [9, theorem
10], this is worked out to be (−1)g−1 < (4ω + X)a(X2)bφi1 · · ·φirXr, [J ] >, where
X2g−1+i = si(Eζ) = (−8)ii! ωi. Thus the theorem follows from lemmas 8 and 10.
Remark 12. The formula in theorem 11 is not right for g = 2, as in such case, the
quantum product h2 ∈ QH∗(N) differs from β by a quantum correction.
Remark 13. Suppose g ≥ 2 and let αaβbψi1 · · ·ψir ∈ A(Σ) have degree 6g − 6. Then
ΨMΣ0 (α,
(a). . ., α, β, (b). . ., β, ψi1, . . . , ψir) = ǫS(P
1) < αaβbψi1 · · ·ψir , [MΣ] >=
= −DP1S,H((2Σ)a(−4pt)bγ#i1 · · · γ#ir ),
as the moduli space of anti-self-dual connections on S of dimension 6g − 6 is MΣ.
5. Quantum cohomology ring of MΣ
The action of the mapping class group on MΣ is symplectic, so the quantum prod-
uct restricts to the invariant part of the cohomology, thus having defined QH∗I (MΣ)
(see [16, section 3.1]). To give a description of it, let us define


αˆ = α
βˆ = β + rg
γˆ = −2∑ψiψi+g
(11)
where rg ∈ Q, g ≥ 1 (to be determined shortly), and γˆ is given using the quantum
product. It might happen that γˆ = γ + sgα, sg ∈ Q. The need of introducing this
quantum corrections in the generators was noticed already in [1].
As a consequence of the description of H∗I (MΣ) given in section 2, the results in [18]
imply that there is a presentation
QH∗I (MΣ) = Q[αˆ, βˆ, γˆ]/Jg,
10 VICENTE MUN˜OZ
where the ideal Jg is generated by three elements Q
1
g, Q
2
g and Q
3
g which are defor-
mations graded mod 4 of q1g , q
2
g and q
3
g , respectively (see [16]). This means that
Jg = (Q
1
g, Q
2
g, Q
3
g) for
Qig =
∑
j≥0
Qig,j,(12)
where deg(Qig,j) = deg(q
i
g) − 4j, j ≥ 0, and Qig,0 = qig. There is still one source of
possible ambiguity coming from adding a scalar multiple of Q1g to Q
3
g. To avoid this,
we require the coefficient of αˆg in Q3g to be zero. Recall the main result from [10].
Theorem 14 ([10]). Define R10 = 1, R
2
0 = 0, R
3
0 = 0 and then recursively, for all
g ≥ 1, 

R1g+1 = αR
1
g + g
2R2g
R2g+1 = (β + (−1)g+18)R1g + 2gg+1R3g
R3g+1 = γR
1
g
Then the invariant part of the instanton Floer cohomology of Σ×S1 isHF ∗(Σ×S1)I =
Q[α, β, γ]/(R1g, R
2
g, R
3
g). R
1
g, R
2
g, R
3
g are uniquely determined by the conditions that
the leading term of Rig is q
i
g, i = 1, 2, 3 and that the coefficient of α
g in R3g is zero.
Accounting for the difference in signs between theorem 11 and remark 13, the
prospective generators of Jg are defined as follows.
Definition 15. For i = 1, 2, 3 and g ≥ 1, set
Rˆig(αˆ, βˆ, γˆ) = (
√−1)− deg qigRig(
√−1 gαˆ,√−1 2gβˆ,√−1 3gγˆ),
i.e. when g is even, Rˆig = R
i
g and when g is odd, Rˆ
i
g is obtained from R
i
g by changing
the sign of the homogeneous components of degrees deg(qig)− 4− 8j, j ≥ 0.
Thus we expect that Qig = Rˆ
i
g, i = 1, 2, 3 (i.e. Jg = (Rˆ
1
g, Rˆ
2
g, Rˆ
3
g)), for g ≥ 1
(see [1] [16]). Let us review the known cases.
Example 16. For g = 1, we set r1 = −8, so that αˆ = α, βˆ = β − 8, γˆ = γ. Then the
ideal of relations is generated by Rˆ11 = αˆ, Rˆ
2
1 = βˆ + 8 and Rˆ
3
1 = γˆ. The correction
r1 = −8 is arranged in such a way that things work.
Example 17. For g = 2, the quantum cohomology ring QH∗(MΣ) has been com-
puted by Donaldson [3], using an explicit description of MΣ as the intersection of two
quadrics in P5. Let h2, h4 and h6 be the integral generators of QH
2(MΣ), QH
4(MΣ)
and QH6(MΣ), respectively. Then, with our notations, α = h2, β = −4h4 and
γ = 4h6 (see [1]). The computations in [3] yield γˆ = γ − 4α. Now we set r2 = 4, i.e.
βˆ = β + 4. It is now easy to check that the relations found in [3] can be translated
to the relations Rˆ12 = αˆ
2 + βˆ − 8, Rˆ22 = (βˆ + 8)αˆ+ γˆ and Rˆ32 = αˆγˆ for QH∗I (MΣ).
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The artificially introduced term r2 = 4 is due to the same phenomenon which
causes the failure of lemma 10 for g = 2, i.e. the quantum product h2 differs from β
in (9) (defined with the cup product) because of a quantum correction in QH∗(N)
which appears when g = 2.
In the general case we have
Theorem 18. Let g ≥ 3. Put rg = 0, so that αˆ = α and βˆ = β. Then we can write


Q1g = Rˆ
1
g + f
1
g
Q2g = Rˆ
2
g + f
2
g
Q3g = Rˆ
3
g + f
3
g
where deg(f ig) ≤ deg(qig)− 8, i = 1, 2, 3.
Proof. As in equation (12), we can write Rˆig =
∑
j≥0 Rˆ
i
g,j , where deg(Rˆ
i
g,j) = deg(q
i
g)−
4j, j ≥ 0 (and analogously for Rig). Clearly, Rˆig,0 = qig = Qig,0, for i = 1, 2, 3. We
want to check that Qig,1 = Rˆ
i
g,1 = (−1)gRig,1. Pick any z = αaβbψi1 · · ·ψir ∈ A(Σ) of
degree 6g− 2− deg(qig). By theorem 14, φw(Σ×D2, Rig) = 0 (see [10] for notations),
so D
(w,Σ)
S,H (R
i
gz) = 0, i.e.
DP
1
S,H(R
i
g,1z) +D
c1
S,H(R
i
g,0z) = 0.
From theorem 11 and remark 13 this is translated as the component in H6g−6(MΣ)
of the quantum product −Rig,1z + (−1)g−1Rig,0z ∈ QH∗(MΣ) vanishing. On the
other hand, by definition Qigz = 0 ∈ QH∗(MΣ), so the component in H6g−6(MΣ)
of the quantum product Qig,1z + Q
i
g,0z ∈ QH∗(MΣ) is zero. Thus < Qig,1, z >=<
(−1)gRig,1, z >, for any z of degree 6g − 2 − deg(qig), and hence Qig,1 ≡ (−1)gRig,1
(mod Ig) (Ig is the ideal defined in section 2). This gives the required equality Q
i
g,1 =
Rˆig,1 (in the case i = 3 we have to use the vanishing of the coefficient of αˆ
g for both
Q3g and R
3
g).
6. The case of genus g = 3
It is natural to ask to what extent the first quantum correction determine the full
structure of the quantum cohomology ofMΣ. In [3], Donaldson finds the first quantum
correction for MΣ when the genus of Σ is g = 2 and proves that this determines the
quantum product. In this section we are going to check that this also happens for
g = 3, finding thus the quantum cohomology of the moduli space of stable bundles
over a Riemann surface of genus g = 3.
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Proposition 19. Let Σ have genus g = 3. Then Q13 = Rˆ
1
3, Q
2
3 = Rˆ
2
3 and Q
3
3 = Rˆ
3
3,
i.e.
QH∗I (MΣ) = Q[αˆ, βˆ, γˆ]/(Rˆ
1
3, Rˆ
2
3, Rˆ
3
3).
Proof. Theorem 18 says that


Q1g = Rˆ
1
g = αˆ(αˆ
2 + βˆ + 8) + 4(αˆβˆ − 8αˆ + γˆ)
Q2g = Rˆ
2
g + x = (βˆ + 8)(αˆ
2 + βˆ + 8) + 4
3
αˆγˆ + x
Q3g = Rˆ
3
g + yαˆ = γˆ(αˆ
2 + βˆ + 8) + yαˆ
where x, y ∈ Q. The main tool that we shall use is the nilpotency of γˆ. Actually,
from its definition (11), γˆ4 = 0 in QH∗(MΣ).
Suppose y 6= 0. Then the third relation implies αˆ4 = 0. Multiplying the first
relation by αˆ we get 5αˆ2βˆ + 24αˆ2 + 4αˆγˆ = 0. This is a relation of degree 2g + 2 = 8.
Thus it must be a multiple of Q2g, which is not. This contradiction implies y = 0.
Let us see x = 0. It is easy to check that
γˆ3 =
γˆ2
4
Rˆ13 −
3γˆ(βˆ − 8)
4
Rˆ23 +
3(βˆ + 8)(βˆ − 8)− αˆγˆ
4
Rˆ33.
The relations above imply that γˆ3 = −3
4
γˆ(βˆ − 8)x in QH∗(MΣ). So γˆ2(βˆ − 8) = 0.
Also, the third relation (with y = 0) gives γˆαˆ2 = −γˆ(βˆ+8). Thus γˆ2αˆ2 = −16γˆ2 and
γˆ2βˆ = 8γˆ2. Multiply the first relation by γˆ2 to get γˆ3 = 0. As γˆ(βˆ − 8) 6= 0 (because
this is not a multiple of the only relation of degree 2g = 6), it must be x = 0.
Corollary 20. Let Σ be a Riemann surface of genus g = 3. Then
QH∗(MΣ) =
g−1⊕
k=0
Λk0H
3 ⊗Q[αˆ, βˆ, γˆ]/Iˆg−k
where we put Iˆr = (R
1
r(
√−1 gαˆ,√−1 2gβˆ,√−1 3gγˆ), R2r(
√−1 gαˆ,√−1 2gβˆ,√−1 3gγˆ),
R3r(
√−1 gαˆ,√−1 2gβˆ,√−1 3gγˆ)), 1 ≤ r ≤ g.
Proof. This is an easy consequence of the former proposition and [10, lemma 7], noting
that the hypothesis only has to be checked up to g = 3. One has to be careful with
the exponents of
√−1 everywhere.
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